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INTRODUCTION

This second article in the EMJ Series on Statistics and Methods dwells on the basics of sampling distribution of* vari-
ables’, which are presented in detail in the preceding article in this Issue of the Ethiopian Medical Journal (EMJ). The pre-
sent article highlights recommended routines that need to be undertaken in order to understand information collected in a
particular study before embarking on doing complex statistical analyses. It underscores the importance of descriptive sta-
tistics as a means to getting insights into data quality and learn about the scale and distribution of different variables in a
data set. The article emphasizes the need for assessing the sampling distributions of variables as a prerequisite to making
decide on selection of appropriate statistical techniques for in a data set. It describes salient features of a normally distrib-
uted random variable and touches on some other probability distributions commonly used in epidemiological studies. The
article also describes the central limit theorem highlighting salient points on its conceptual basis in understanding sampling
distributions of sample means and the implications of using normal distribution to make inference about the population
based on summary measures from a sufficiently large sample.

NORMAL DISTRIBUTION

It is a wise and recommended routine to use descriptive summary measures such as means and proportions as well as vari-
ous charts and graphs to understand information collected from individual study participants before diving into running
statistical analysis of various complexity. This give us insight into the quality of the data to be analyzed, the scale
and distributions of different variables included in the data set, the implications of these conditions on the statistical
methods to be employed during data analysis, and any other data processing methods including transformation of variables
and ways of handling missing data. Many statistical techniques such as t-tests, regression analyses, and analysis of vari-
ance require that the outcome variables should follow a distribution of a particular kind (1).

Let us assume a collection of systolic blood pressure measurements (in mmHg) taken on 1,000 individuals attending a
medical centre, representing a randomly selected sample from a larger population visiting the medical centre. As an ex-
ample, we used a computer generated dataset to simulate the 1,000 systolic blood pressure measurements (in
mmHg) with a mean of 120 and standard deviation of 12. For a better visual representation of such data, we often use fre-
quency distributions in a form of histograms (Figure 1A) or density plots (Figure 1B-C). In Figure 1, the x-axis represents
the actual blood pressure measurements in mmHg and the y-axis represents the frequency or number of occurrences of
measurements within each bar (Figure 1A) or the frequency density (Figure 1 B-D). The frequency density is calculated
in two steps: first, relative frequency is calculated by dividing the actual counts in each bar by the total number of
measurements (n=1,000 in the above example); then, density is calculated by dividing the relative frequency by the width
of the bar. In figure 1B-D, the area under the entire histogram (Figure 1A-B) or the curve (Figure 1B-D) equals one. Such
a plot is known as the probability density function or pdf (2).
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Figure 1. Plots of blood pressure measurements from 1,000 individuals, using frequency histograms (A); frequency den-
sity histogram overlaid with density plots (B); density plots (C), and standard normal distribution with mean of zero and
standard deviation of one (D).

Like several quantitative clinical variables, the distribution of systolic blood pressure measurements is symmetrical about a
single peak indicating more frequent blood pressure measurements in the middle of the distribution. It also has equal tails
on either side of the peak (hence, a zero skewness) indicating very few measurements far from the peak, producing a char-
acteristic bell-shaped curve known as the Normal or the Gaussian distribution (1,3,4). Often a capital N is used to empha-
size that Normal is just a name of a distribution and does not necessarily imply normality (1). The shape of the distribution
(or the curve) is determined by the variability in the data quantified by the standard deviation. The peak is tall and the
shape of the curve is narrow for small variation in the data. Similarly, the pick is short and the shape of the curve is wide
for larger variation in the data (Figure 2B). The normal distribution is the most common distribution that researchers en-
counter and it has several useful properties. Hence, Normal distribution is central to many inferential statistical techniques
such as hypothesis testing and constructing confidence intervals (2,5).

Other quantitative variables such as serum cholesterol, CD4 counts, and the biceps skin-fold measurements in Tuberculo-
sis (TB) tests may have a skewed, far from normal distributions (Figure 2C). If the distribution of a continuous variable is
skewed, it is not appropriate to use inferential statistical methods such as confidence interval estimation or significance
testing that require the outcome variable to have a Normal distribution (2-5). It is a common practice to transform such
skewed continuous variables in to other scales such as logarithmic scale and analyse on that scale rather than on its origi-
nal untransformed scale (3,4). The logarithmic (or log for short) transformation is frequently used because of its several
advantages. First, multiplicative relationships such as interactions between variables may become additive. Second,
skewed distributions may become symmetrical in such a way that assumption about Normal distribution would be reason-
able. Third, results become interpretable (and thus useful) after transformations back to the original scale. Fourth, curves,
if exist, may become straight lines hence linear relationships, for example, in linear regression, can be a reasonable as-
sumption (2-4).
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Figure 2. Density plots of normally distributed blood pressure measurements (A) for small and large standard deviations
(B), and skewed distribution of blood cholesterol level measurements in mg/dL (C).

Continuous variables such as age and blood pressure measurements could also be stratified or categorized into few classes
or dichotomized in to two groups (e.g. age can be dichotomized in to “young” and “old” and blood pressure measure-
ments can be dichotomized in to “normal” and “high”). In few circumstances, this approach might improve interpretations
of findings or avoid analytic restrictions imposed by requiring some assumptions to be fulfilled. For example, when a vari-
able does not follow Normal distribution it is not acceptable to use mean and standard deviation as summary measures or t
-test to compare the means of that variable (blood pressure measurement) between two categories of a binary variable (e.g.
sex: “male” and “female”). In such cases, the use of Chi-square test to compare proportions of “normal” and “high” blood
pressure measurements or “young” and “old” individuals, between groups (“male” and “female”) is feasible. However, it
is important to note that gains from categorizing a variable comes at a cost of loss of information particularly if a continu-
ous variable is dichotomized in to two groups. If we use two age categories, “young” and “old”, we cannot say much about
other age groups as the information is already collapsed in to two categories. Hence, if stratification is deemed necessary,
cut-off points are preferred to have been commonly used in the field of investigation and have useful biological or clinical
meaning, e.g. 45-years for women as a cut-off might have clinical meaning as on average menopause starts around that age
(6,7).

Categorical variables such as sex and the presence of a disease, and count variables such as number of admissions to a
hospital and number of deaths from a traffic accident are other types of phenomena that occurs naturally but do not have a
Normal distribution. Such variables are described using other classes of distributions different from Normal distribution.
For example, Binomial distribution is used to describe binary variables and Poisson distribution is used to describe count
variables. Interestingly, when the sample size increases, probability distributions of Binomial and Poisson distributions
tend towards the Normal distribution. Hence, if the sample size is large Normal approximations are often used for such
distributions (2, 5).

One unique feature of a Normal distribution is that it can be described using two quantities, the mean and standard devia-
tion. The mean describes the “centre” of the data generated from individual study participant (e.g. blood pressure meas-
urement) and the standard deviation reflects the amount of variation that exists in the collected data. In other words, the
standard deviation measure the average distance of all observations relative to the mean value in the same units as the
original data (8). A small standard deviation implies that the values of the variable in the data (e.g. blood pressure meas-
urements) are close to the mean of the variable, on average, and a large standard deviation implies that the individual val-
ues of the variable are far away from the mean, on average. Standard deviation cannot be negative as it is the summary
measure of distance between individual data points and the mean. However, it can be zero if the value of every observation
is exactly equal to the mean.
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For a Normally distributed random variable we could tell the percentage of observations that lie within a certain distance
(e.g. standard deviations) from the mean. For example, 68.26% of the observations lie within one standard deviation (1SD)
of the mean, 95.44% of the observations lie within 2SD of the mean, 99.7% the observations lie within 3SD of the mean,

X=1968D g X +1.965D (gioyre 3A-D) (9).

and 95% of the observations lie within 1.96SD, i.e. between
Figure 3 is the graphical presentation of a computer-generated data to simulate blood pressure measurements of 1,000 indi-
viduals with a mean of 120 and a standard deviation of 12. From the dataset 68.26% lie within 1.0 SD (1x12 = 12mmHg)
distance from the mean (i.e. within 120+12 mmHg or between 120-12 and 120+12 mmHg, i.e., between 108mmHg and
132mmHg). Similarly, 95% of the measurements lie within 1.96 SD (i.e. 1.96x12 mmHg = 23.52mmHg) from the mean,
or within 20£1.96x12 mmHg (i.e., between 96.48 and 143.52 mmHg). We used range of values or intervals to de-
scribe the percentage of measurements which lie within a certain range of SD from the mean. These ranges of values are
known as reference ranges (5).
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Figure 3. Plots for standardized Normal distribution of blood pressure measurements that lie within various multiples of
standard deviation from the mean.

We might also consider to standardize the blood pressure measurements by subtracting the mean (20mmHg) from
each of the measurements and by dividing these differences by the standard deviation (12mmHg) of the measurements

( 7= X,.l—2 20]

. This process generate a random variable (i.e. Z) which has a distribution with a mean of zero and a stan-
dard deviation of one. This distribution is known as standard Normal distribution (8). In other words, standard Normal
distribution is a Normal distribution having a mean of zero and a standard deviation of 1.0 (Figure 2D).In simple terms,
the measure of how many standard deviation units below or above the mean that a certain proportion or percentage of the
observations (measurements) lie is called z-score or the standard score or the standard Normal deviate (SND) (9). In the
previous example, the values of z were 1.0 and 1.96 in demarcating the region that cover 68.26% and 95%, respectively, of
the systolic blood pressure measurements. The values of z-score and the corresponding proportions are often read from
standard Normal distribution tables or generated from corresponding probability distributions using computer programs. In
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order to use the z-score, we need to know the population mean, p, and the population standard deviation, c.

The t-distribution (also called Student’s t-distribution) is another class of probability distribution commonly used in
statistics and epidemiology. The t-distribution looks almost identical to the Normal distribution but has a bit shorter and
fatter peak with long tails (2). When the sample size is (n<30) or when population standard deviation is unknown, the t-
distribution is used instead of the Normal distribution in inferential data analysis. Unlike the Normal distribution, the
shape of t-distribution and the number of observations that lie within a certain SD from the mean varies depending on the
degrees of freedom (df). The t-distribution and associated t-score, in contrast to (standard) Normal distribution and z-
score, respectively, are used in hypothesis testing (using t-test) and confidence interval estimation. Similar to the z-score, t
-score can be read from t-distribution tables for a given degrees of freedom or generated from t-distribution using com-
puter programs. As the sample size increase, the t-distribution looks more and more like the standard Normal distribution.

Degrees of freedom refer to the information we have to estimate a parameter. Some parameter estimates are based on more
information than others. For example, in the previous example, there is more information to estimate the mean blood sys-
tolic pressure measurements with the sample size of 1,000 than with a sample size of 100. The degrees of freedom (df) of
an estimate is the number of independent pieces of information on which the estimate is based. In estimation of the mean
using 1,000 and 100 sample sizes, there are 1,000 and 100 degrees of freedom, respectively, assuming that the individuals
in each sample are independent. Detailed description of degrees of freedom will be provided in the coming Issue of the
EMLI.

Other commonly used probability distributions are the Chi-squared distribution which is used in Pearson’s Chi-squared
tests and the Fisher’s F-distribution which is used in the analysis of variances (ANOVA) and in the analysis of covariance
(ANCOVA). Unlike the (standard) Normal and t-distributions, which are symmetrical around their mean values, both the
Pearson Chi-squared and Fisher’s F-distributions are positively skewed, the tail of the distribution on the right hand side is
longer than on the left hand side. Similar to the t-distribution, the shapes of Pearson’s chi-squared and Fisher’s F-
distributions vary with the degrees of freedom (df). Pearson’s Chi-squared and Fisher’s F-distributions are related in that F
-distribution is a ratio of two random variables each of them having independent Pearson’s Chi-squared distributions

af, | df,

scaled by their respective degrees of freedom.
THE CENTRAL LIMIT THEOREM

Consider the previous medical centre we mentioned where a sample of 1,000 individuals were randomly selected from a
computerized record of all systolic blood pressure measurements on every individual who visited the centre for medical
reasons. It is possible to take as many samples of the same size (n) if the researcher want using the electronic record (size
N) as the sampling frame. It is possible to do sampling of individuals with or without replacement. The process of sam-
pling is quite easy to implement with statistical computer programs. For simplicity, let us consider 100 different samples
with each sample having a size of 1,000 individuals, sampled with replacement, and calculate the mean for each sample.
When we say “sampling with replacement,” we mean that every individual record or measurement have a chance to be
included in several samples. After each sampling of a record, that record is put back to the sampling frame and given equal
chance with other records of being included in the subsequent sampling processes.

Now, the 100 means calculated from each of the 100 samples (of size 1,000) will have a distribution known as the sam-
pling distribution of the means. The centre of the sampling distribution of the sample means is at the mean of the entire

100

(i.e. u=> X, 100}
100 sample means, mean of the sample means, which is equal to the population mean, p - . Note
the difference between sample mean (mean of individual measurements in each sample) and mean of the sample means
(mean of the 100 sample means, as we have 100 samples as an example). In our example, the population mean, p, would
be the mean of all blood pressure measurements (of size N) in the record of the medical centre. The sampling distribution
of the sample means is Normal distribution; similarly, the sampling distribution of proportions (for binary variables such
as sex) is called the Binomial distribution. As stated before, the Binomial distribution becomes very close to Normal distri-
bution as the sample size increases (9).

On the other hand, the standard deviation (SD) of the sampling distribution of the means (i.e. the 100 sample means), also
called the standard error (SE) of the means, is not equal to the standard deviation (SD) of the population
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100
(i.e.cr # > SD, /100]

- . The standard error of the mean is a measure of the variability that exists in the sample means

relative to the population mean. In other words, SE of the mean summarizes the deviations of the individual sample means,

" from the population mean, p. Similar to how SD is interpreted, larger values of SE indicates higher degree of vari-
ability between the sample means (5, 9).

The central limit theorem states that if we have a population with a given mean and a given standard deviation and if suffi-
ciently large samples (of each sample size n >30) are randomly drawn with replacement from the population, then the dis-
tribution of the sample means will be approximately Normal regardless of whether the distribution of the population is
Normal or skewed. If the distribution of the population is Normal, then the theorem holds true even for small sample size
(2,5,8). The central limit theorem enables researchers to use Normal distribution to make inference about the population
mean based on summary measures obtained from one sufficiently large sample without the need to take many samples of
the same size described above. Hence, it is possible to quantify uncertainty while making inferences about a population
mean based on a single sample mean using Confidence Intervals.

The sample mean is considered to be unbiased estimate of the population mean provided the sample is randomly selected
from the population and the sample size it is sufficiently large. If many random samples of the same size are drawn, the
standard deviation of the sample means (i.e. standard error of the mean) is related to the SD of individual measurements
. SE = SD/n . . .

in the sample by where n is the sample size. From the formula, we can see that the SE is always
smaller than the SD meaning that there is more variability between individual measurements within a sample than
between sample means (5). Hence, the bigger the sample size, the less uncertainty in using the sample mean as estimate
of the population mean.

It is now possible to use similar reasoning to construct confidence intervals (CI) for the single sample mean described
above to reflect the uncertainty around it. If we do a repeated sampling, we know that the sample means will have a Nor-
mal distribution. It is also known that for a normally distributed random variable, 68.26% of the values lie within one SE
of the mean, 95.44% of the values lie within 2 SE of the mean, and 99.7% of the values lie within 3 SE of the mean. Simi-
larly, 95% of the sample means will lie within 1.96*SE from the mean (i.e. Sample mean - 1.96*SE to sample mean +
1.96*SE, note the symbol “*” is multiplication). This interval is known as the 95% confidence interval (95%CI) for the
mean of the sample means.

The interpretation of 95% Cls is based on the concept of multiple repeated sampling we described before. If we draw mul-
tiple (let us say100) random samples of a given sample size (n), calculate the mean for each sample, and construct 95%CI
around each of the 100 sample means, where 95% is called the confidence level. Note the difference between 95%
(without CI) which is the proportion or percentage of the confidence interval and 95% CI that is the confidence level. In
our example of 100 samples, 95 of the 100 95%confidence intervals (i.e. 95% of the 95%Cls) will contain the population
mean, p. The remaining 5% of the 95%CI (i.e. 5 out of the 100 95% Cls) will not cover the population mean. Hence, the
population mean will not be covered within the two limits of five of the 95% confidence intervals.

In actual research work, the practice is to take only one random sample of a given size and estimate population parameters
of interest. Hence, a researcher does not know if the 95%CI constructed based on the research data is among the ninety-
five 95% Cls that contain the true population mean or it is among the five 95% CIs that miss the population mean. It
means that researcher is 95% confident that the estimated 95%CI is one of the ninety-five 95% Cls that contains the popu-
lation mean. It can also be restated as follows, the researcher can be 95% confident that the true population mean lies
within the sample 95% confidence interval (5,9). In future series, Cls for other statistics will be discussed in detail.
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